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MATHEMATICS 
A CONNECTION BETWEEN LIE ALGEBRAS OF TYPE F4 
AND CAYLEY ALGEBRAS 
BY 
W. REIN 
(Communicated by Prof. T. A. SPRINGER at the meeting of May 22, 1976) 
In order to construct the simple Lie algebras over an algebraically 
closed field of characteristic 0 the author defined in [3J, in order to get 
the Lie algebra of type F4 a trilinear composition on the 8-dimensional 
representation space S of the spin representation of a Clifford algebra 
over a 6-dimensional vector space with a quadratic form q of maximal 
Witt index. The aim of the present paper is to verify a conjecture of 
M. Koecher, that there should be a connection between this trilinear 
composition and a suitable Cayley algebra. It is shown that a bilinear 
composition can be defined on the space S using the quadratic form q 
and a well known bilinear invariant fJ of the spin representation of the 
Clifford algebra belonging to q, that gives S the structure of the split 
Cayley algebra. The author is indebted to T. A. Springer who pointed 
out that it is most natural to realize this algebra in the well known 
manner as the set of (2 x 2)-matrices (~ ~), where tX, fJ are elements of 
the groundfield, a, b are in a 3-dimensional vector space and the algebra 
product is defined via the vector product on that space. This construction 
is carried out in section 4, after having collected some facts on spinors 
which are used in the definition of the above mentioned trilinear com-
position which leads to the Lie algebra of type F 4 . In a final remark 
it is shown (with a sketch of proof) how this trilinear composition can be 
expressed in terms of the Cayley algebra, so that it becomes clear, together 
with [3, 5.3J, how F4 can be constructed from the split Cayley algebra, 
and how this construction is related to that given by I. L. Kantor in [5]. 
I. Let V be a vector space of even dimension n = 2r over the field k 
of characteristic not two and three and q a quadratic form of Witt index 
r on V with non degenerate symmetric bilinear form tX, where tX(x, y) = 
= Ij2(q(x + y)-q(x)-q(y)). If xy is the product of x and y in the Clifford 
algebra 'if based on V and q and Xo denotes the unit element of 'if, we 
have 
(1.1) xy + yx = 2tX(x, y) Xo 
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for all x, y E CC. For the following facts on spinors we refer to Chevalley 
[2]. Let Nand P be totally isotropic subspaces of V such that V = N EB P 
and let S denote the sub algebra of CC, generated by N and the restriction 
of q to N x N. Note that S is isomorphic to the exterior algebra over N. 
There exists an irreducible faithful representation e of CC on S such that 
(1.2) (e(x)a)!=xa! 
for x E CC, a E S, where! = Yl Y2 ... Yr is the product of the elements of any 
fixed basis of P. e is the spin representation of CC and S is called the space 
of spinors. We write x·a for e(x)a. On the space S there exists a bilinear 
form p such that 
(1.3) p(a,b)!=!'atb! 
for a, b E S, where! is as above and a --* at is the main involution of CC. 
It is worth noting that p(a, b)xo is just the homogeneous component of 
degree 3 of at b. For all a, b E S and all x E V we have 
(1.4) 
(1.5) 
P(b, a) = ( - 1 )r(r-l)/2 p(a, b), 
p(x·a, b) =p(a, x·b). 
2. Let [V, V] be the subspace of <c spanned by the elements [x, y]:= 
=xy-yx, x, y E V (this is a subalgebra of the Lie algebra CC-). The 
bilinear form eX can be extended to a non degenerate symmetric bilinear 
form & on U: =kxo EB V EB [V, V] such that kxo, V and [V, V] are pairwise 
orthogonal with respect to &, &(xo, xo) = 1 and 
&([x, y], [v, w])= -4(eX(x, v)eX(y, w)-eX{x, w)eX(y, v)) 
for x, y, v, WE V. 
If x, is a basis of Nand y, is a basis of P, i = 1,2,3 such that eX{x(, y,) = 6(, 
then the elements [x(, Xj] (i<j), [X(, y,], [y(, y,] (i <j) form a basis of [V, V] 
satisfying 
(2.1 ) 1 
&([x(, x,], [Yk, Yz]) = -4btk~'Z 
&([X(, y,], [Xk, yz]) = 4~u ~'k 
and & annihilates all other pairs of elements of this basis. We denote 
the basis of U just introduced by ~. 
3. Now we define a trilinear composition (a, b, c) --* {abc} on the space 
S by associating to each pair of elements a, b E S the unique element 
L(a, b) E U which satisfies 
(3.1) &(u, L(a, b))= 1/8p(u·a, b) 
and set 
(3.2) {abc}:=L(a, b)·c 
with c E S. 
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_ REMARK. If we define a new trilinear composition on the space 8 + S, 
8 being a copy of 8, by 
[a + b, c + d, e + f]: = l {atc} - {cta} + {ade} - {cbe}) 
+ ({dat} - {bct} + {deb} - {bed}), 
it can be shown (cf. [3] and [4]) that 8 + S together with this composition 
Jaw is a Lie triple system whose standard imbedding (see [4] for definition) 
is a simple Lie algebra whose complexification is of type F 4, assuming 
that r= 3. 
4. From now on we are only concerned with the case r = 3. We put 
8 1 : = N and denote by 8 2 the 3-dimensional subspace of 8 spanned by 
the elements Xi xj, 1 ~ i <j ~ 3 (hence 8 2 is isomorphic to the second exterior 
pOwer of N). Let C1:=XO and c2:=lj2x1x2x3, so we have 
8=kc1 EB 81 EB 8 2 EB kC2 
as a direct sum of vector spaces. 
We define a bilinear composition on 8 by 
a * b: = - {avb} 
where v: = C1 - C2, a linear function a: 8 ~ k by 
a(Ylc1 +a1 +a2+Y2 c2): = Ij2(Y1 +Y2) 
and a bilinear function n: 8 x 8 ~ k by 
n(a, b): = 8j3a(a) a(b) - 2j3a(a * b). 
From the definition of f3 it is clear that 
hence 
a(a) = Ij8f3(v, a), 
a(a * b) = -lj8f3(L(a, v) ·b, v) = -li(L(a, v), L(b, v)), 
so the symmetry of Ii yields 
a(a * b) = a(b * a) 
which implies 
n(a, b)=n(b, a) 
for all a, b E 8. 
We introduce one further bilinear composition 8 by 
ab: =a * b- 2a(b) a+n(a, b) e, 
Where e: = C1 + C2. The vector space 8 together with this product will be 
denoted by (!) to indicate that this is the algebra. of split octonions. Before 
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we proof this let us identify S with the vector space of (2 x 2)-matrices 
(:2 ;1); Oi,{3Ek, atES, 
(addition and multiplication by elements of k as usual). As will be proved 
in the next section, the product of two such matrices is as follows 
5. Proof of formula (*). We express L(a, v) in terms of the basis gj, 
introduced in section 2. By means of (1.5)-(1.8) we get 
8L(a, v) = {3(a, v) Xo + ~ {3(a, X,· v) y, + ~ {3(a , Y" v) x, 
, . 
+ 1/4 ~ {3(a , [x" Xj]' v)[y, , Yj] 
,< j 
+ 1/4 ~ {3(a, [xc, Yj]'v)[yc, Xj] 
i. i 
+ 1/4 ~ {3(a, [y" Yj]' v)[xc, Xj]. 
«j 
From (1.1) and (1.2) it is clear that 
x,·a=x,a (a E S), y"xo=O, y"xj=26tj, 
Yt· (Xj Xk) = 2~'j Xk - 2!5'k Xj, 
Y" (Xl X2 Xa) = 2<5u X2 Xa - 2152, Xl Xa + 2!5at Xl X2· 
This yields immediately 
xt'V=Xe, [xt, Xj]·v=2xexj, [xc, Yj]'v= -2!5tje, 
[y" Yj]' v = ~u !52j X3 - 4!5u !53jX2 + 4!52( !53j Xl (i <j). 
We put this into the above expression for L(a, v). So we get 
8L(a, v) = {3(a, v) + ~ {3(a, xc) Ye 
, 
+ {3(a, Xz xa) Xl + {3(a, Xl xa) X2 + {3(a, Xl Xz) Xa 
+ 1/2 I {3{a, XeXj)[y" YI] 
j <1 
-1/2 ~ {3(a, e)[y" xt] 
, 
+ (3(a, xa)[ Xl, X2] - (3(a, X2)[ Xl, X3] 
+ {3(a, XJ)[X2' Xa]. 
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Using again (1.1) and (1.3) we find for aj E St 
e(L(Cl, v))=Id-1/2 ~ e(yt}e(Xj), 
i 
8e(L(al' v)) = - 8e(al) + ~ fJ(al, XiX)) e(Yt) e(y)), 
i<j 
8e(L(a2, v)) = -16e(a2) + ~ fJ(a2, Xl) e(yt}, 
i 
e(L(C2' v)) = - 2Id + 1/2 ~ e(Yt) e(xt}. 
i 
Now an easy computation gives the following multiplication table for 
a * b= -e(L(a, v)) b 
* 
(5.1) 
-1/4fJ(a2, b1)(Cl + 2C2) 
a 
a 
cf. (5.1) 
As an immediate consequence of the table we observe 
where 
Note that n is non degenerate since fJ has this property. Combining the 
above formula for n with the dates of the table we get the following table 
for the product in ~: 
== ____ 4-______ C_l __________ b_l _____________ b_2 __________ C~2--
a a 
a 
This finishes the proof of formula (*). 
6. Let T be the bijective linear transformation from S1 to S2 defined by 
T(Xl): = 1/2x2xa, T(X2): = 2XaXl, T(xs): = lj2xlX2. 
Set 
(6.1) 
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(a, b): = -n(a, T(b)) = 1f4fJ(a, T(b)) 
for all a, b E S1. Then it is clear from the definition of fJ that 
is an orthonormal basis of S1 with respect to (-, -). We denote by x 
the vector product on SI which satisfies 
It follows at once from ab = a * b that 
(6.2) 
Furthermore, (5.1) combined with the well known formula 
a x (b x c) = (a, c) b - (a, b) c, a, b, c E SI 
yields 
T-l(a2) x T-l(XtXj) = T-l(~) x (Xt x Xj) 
= (xt, T-l(~)) Xi - (Xi, T-l(aa)) Xj 
= -next, a2)Xt+ n (Xt, a2)Xj=a2 * (XtXj) 
for a2 E S2 and 1 ~ i < j ~ 3, hence 
(6.3) 
Substitution of (6.1), (6.2), (6.3) into formula (*) and identification of 
~ E S2 with the unique element a E SI, satisfying T(a) =aa, formula (*) 
carries over to 
( lX a) (y c) _ (lXy+(a, d) lXc+<5a+bXd) b fJ d <5 - fJd+yb+a x c fJ<5+ (b, c) . 
As is well known (and easily proved) this defines a split Cayley algebra 
on le EE> S1 EE> S1 EE> le, which is obviously isomorphic to ~. Note that 
N(: ;) =lXfJ-(a, b) 
defines a quadratio form satisfying N(X)N(Y)=N(XY) for 
X, Y E le EE> SI EE> SI EE> le. 
REMARK. The process we have carried out can be reversed to get 
back the trilinear composition with wich we started from the algebra ~ 
according to the formula 
(6.4) - {a(bv) c} =a(6c) +c(6a) -b(tic), 
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where a --+ ii, is the standard involution, a=2a(a)-a. (This shows that 
(a, b, c) --+ - {a(bv)c} is the "generalised Jordan trilinear composition" $((!}) 
in the sense of [5].) 
Sketch of proof. First one should notice that 
(6 .5) {a{vbv}c} = b*(a*c)-a*(b*c)-(b*a)*c 
(see [3, p. 83]), and that {vbv}=-3v for all b satisfying a(b)=O. Since 
the case where anyone of a , b, c is in ke is rather obvious, let a~a) = alb) = 
=alc)=O. Compute the right hand sides of (6.4) and (6 .5) for a, b, c in 
a quaternion subalgebra f) of e. This yields 
abc = a(ab)c + a(bc)a - a(ca)b + a(abc)e 
for a,b,cE!!l and a(a)=a(b)=a(c)=O which is easy to verify. Finally 
reduce the case where not all of a, b, c belong to f) to the preceding one. 
REFERENCES 
Gesamthochschule Siegen, 
Lehrstuhl fur Mathematik III 
H6lderlinstrasse 3, 
5900 Siegen 21, BR Deutschland 
1. Braun, H. and M. Koecher - Jordan Algebren, Springer Verlag, Berlin, New 
York, Heidelberg 1966. 
2. ChevalIey, C. C. - The Algebraic Theory of Spinors, Columbia Univ. Press, New 
York 1954. 
3. Hein, W. - Construction of Lie Algebras by Triple Systems, Trans. Amer. Math. 
Soc. 205, 79-96 (1975). 
4. Hein, W. - lnnere Lie.Tripelsysteme lind J.Ternare Algebren, Math. Ann. 213, 
195-202 (1975). 
5. Kantor, 1. L. - Models of Exc'Jptional Lie Algebras, Sov. Math. Dokl. 14, 
254-258 (1973). 
28 Series A 
